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This paper investigates distributed tracking with range-Doppler

coupling, where a range measurement of a target of interest is lin-

early biased by its range-rate (or Doppler). The coupling parame-

ter ¸ can be zero, positive, or negative. The posterior Cramér-Rao

bound (PCRB) is derived for distributed radar systems: multistatic

and multiple-input multiple-output (MIMO) settings. In the mul-

tistatic case, a positive ¸ leads to the lowest PCRB, the same as is

true for monostatic tracking. The paper also compares the track-

ing performance of multistatic and MIMO configurations, where

the latter utilizes two waveforms with §¸ parameters, respectively.
Regarding the power-unlimited case, a MIMO radar can always

outperform a multistatic one from a tracking perspective. However,

if the total power is limited, the situation is somewhat different:

the transmitter co-located configuration is worse than a multistatic

one, while in the widely-separated case the better choice depends

on geometry.
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1. INTRODUCTION

A radar receiver extracts the range information of a

moving target with a matched filter, of which the output

is a slice of the waveform ambiguity function (AF) at

Doppler shift fd instead of zero in the absence of noise

[6]. As a consequence, mismatch occurs and detec-

tion will degrade. To combat performance degradation

of matched filtering against unknown Doppler shifts,

Doppler tolerant (or insensitive) waveforms (DTWs),

such as linear frequency modulation (LFM), P3 and P4

codes [6], appeared via introducing a slowly decaying

ridge to their AFs as shown in Fig. 1. The range-Doppler

ridge enables the matched filter to produce a slightly

lower peak amplitude so as to avoid detection failure,

but at the expense of introducing range bias [2], [6],

[14], [15]. This phenomenon is termed range-Doppler

coupling, and it is a compromise between range accu-

racy and Doppler robust detection.

Fig. 1. An illustration of range extraction with a LFM. The target’s

true position is located at the center of the AF contours in

(range, range-rate) plane. The matched filter extracts its range

information from zero-range-rate axis; therefore, the measurement

will be linearly biased by the target range-rate.

In some range-only tracking investigations, the ob-

servation is idealized to be true range plus a white Gaus-

sian noise with known distribution. The characteristics

of the waveform are neglected. As opposed to the ideal

measurement model, the tracking problem is considered

from a system-level in this paper. The radar system is as-

sumed to utilize a DTW such as LFM to observe a target

of interest; as a consequence, the extracted range is actu-

ally biased by range-rate (or Doppler). As [2] and [14],

the range bias is assumed linearly related to the range-

rate, with a constant range-Doppler coupling parame-

ter.1 The uniqueness of DTWs requires a proper mod-

1The range bias of a DTW depends on the shape of the decaying

ridge of its AF. As for LFM, P3, and P4 waveforms, the ridge is like

a tilted line through the zero-delay and zero-Doppler point in the two

dimensional AF contour graph [6], and the linear bias modeling in

general holds true [2] [14]. A numerical verification of its approxi-

mation accuracy can be found in [15].
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ification in tracker design; direct application of classic

approaches for such biased observations will to some

degree degrade tracking performance.

One-dimensional tracking with Doppler biased range

measurements has been investigated for a monostatic

radar [2], [14]. In [2], Fitzgerald analyzed the measure-

ment accuracy of DTWs, and showed that significant

performance loss shall happen if a tracker mistook a

biased range observation for an unbiased one. In [14], a

steady state ®-¯ filter is formulated for the DTWs, and

the stationary estimate covariance is explored against

variation of the tracking maneuvering index. In this pa-

per, Doppler biased tracking is extended to distributed

configurations including multistatic and multiple-input

multiple-output (MIMO) systems. Do the same conclu-

sions hold in the distributed case?

In [2] and [14], the target is assumed to have a

constant range-rate; therefore, both the dynamic and

measurement equations are linear. For this problem, the

Kalman filter is the best, and the tracking potentials of

different DTWs could be easily evaluated via a compari-

son of their stationary estimation results. Unfortunately,

the distributed configuration is nonlinear and geometry

dependent. No stationary solution is available. Instead

of algorithm investigation, we are interested in the per-

formance limitation of DTWs in target tracking, and a

Cramér-Rao bound based study is adopted [12], [13].

In this paper, we make the following contributions:

² We model the range-Doppler coupling in two di-
mensions, and the geometric relationship between the

time-varying range and range-rate is derived.

² We give the closed form Posterior Cramér-Rao bounds
(PCRB) of Doppler biased tracking for a multistatic

configuration.

² We analyze the tracking performance of different
DTWs respectively with positive, negative, and zero

coupling parameters. Numerical results show that the

DTW with the positive coupling has lowest bound,

while that with a negative one has the highest.

² We investigate the tracking performance of a two-
transmitter MIMO radar, of which the waveforms

are two DTWs respectively with positive and nega-

tive coupling parameters. If the system is power un-

limited, a MIMO setup, either co-located or widely-

separated, always outperforms the multistatic one. As

for the power-limited scenario, the transmitter co-

located setup is worse than the multistatic one uti-

lizing DTW with positive coupling parameter, while

whether a widely-separated MIMO is better than a

multistatic case depends on the geometry.

The present paper collects the multistatic tracking

conclusions from [10]; however, significant extensions

including the MIMO setups are made. The rest of this

paper is as follows: Section 2 introduces the range-

Doppler coupling problem; Section 3 gives the tracking

model; the PCRB is derived in Section 4; Section 6

Fig. 2. The bistatic geometry: the coordinates of the transmitter Tx

and the ith receiver Rx are respectively located at (xt,yt) and (x
i
r,y

i
r),

while the target location, (xk + _xt,yk + _yt), varies linearly with time t

due to the constant velocity components projected on either axis.

analyzes the PCRB of a multistatic radar system, while

Section 7 focuses on the performance of the PCRBs for

different MIMO configurations; conclusions are drawn

after that.

2. PROBLEM STATEMENT

This paper studies the tracking performance of

DTWs, of which the extracted range z of a target of in-

terest is linearly biased by its range-rate _r [2], [14], [15]

z = r+¸_r+ n (1)

where n denotes additive zero-mean white Gaussian

noise, and ¸ stands for the waveform dependent range-

Doppler coupling parameter. Generally, ¸ is known con-

stant for a fixed waveform, and it can be zero, positive,

or negative. For example, the coupling parameters of

up- and down-sweep LFM waveforms are respectively

expressed as ¸= fc¿=B and ¸=¡fc¿=B [2], where fc
denotes the carrier frequency, ¿ is the pulse width, and

B stands for the bandwidth.

Firstly, the bistatic range and range-rate are inves-

tigated for a given receiver i at the kth pulse repeti-

tion period (PRP). Let the coordinates of the transmit-

ter, the ith receiver, and the target initial position at the

kth PRP be (xt,yt), (x
i
r,y

i
r), and (xk,yk), respectively, as

in Fig. 2. Then the corresponding bistatic time-varying

range rik(t) is

rik(t) =

q
(xk + _xt¡ xir)2 + (yk + _yt¡ yir)2

+

q
(xk + _xt¡ xt)2 + (yk + _yt¡ yt)2 (2)

where _x and _y respectively denotes the target velocity

components along x and y axes, and 0· t· ¿ . Suppose
that _x and _y remain stationary within a single pulse

width; the bistatic range-rate _rik(t) is written as

_rik(t) =
(xk + _xt¡ xir) _x+(yk + _yt¡ yir) _yp
(xk + _xt¡ xir)2 + (yk + _yt¡ yir)2

+
(xk + _xt¡ xt) _x+(yk + _yt¡ yt) _yp
(xk + _xt¡ xt)2 + (yk + _yt¡ yt)2

: (3)

Obviously, both the bistatic range rik(t) and range-rate
_rik(t) are time-varying. Assume that the target does not
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undergo significant spatial shift within a pulse width;

thus ri(t) and _ri(t) can be approximated with the indi-

vidual initial value:

rik(t)¼ rik(0)
¢
=rik = d

i
r(xk,yk)+ dt(xk,yk)

_rik(t)¼ _rik(0)
¢
= _rik = c

i
x(xk,yk) _x+ c

i
y(xk,yk) _y

(4)

where

dir(xk,yk)
¢
=

q
(xk ¡ xir)2 + (yk ¡ yir)2

dt(xk,yk)
¢
=

q
(xk ¡ xt)2 + (yk ¡ yt)2

(5)

stand for the distances from the target’s initial location

to the ith receiver and the transmitter, respectively, and

cix(xk,yk) =
xk ¡ xir
dir(xk,yk)

+
xk ¡ xt
dt(xk,yk)

ciy(xk,yk) =
yk ¡ yir
dir(xk,yk)

+
yk ¡ yt
dt(xk,yk)

:

(6)

Clearly, both rik and _r
i
k are geometry dependent.

3. TRACKING MODEL

In this section, multistatic tracking is investigated in

two dimensions. The coordinates of the target of interest

and its corresponding velocity components along the x-

axis and y-axis are chosen to compose the state vector

sk = [xk,yk, _xk, _yk]
T (7)

where k indicates the pulse index. A discrete white

noise acceleration model [1] is employed, of which the

dynamic equation is linear

sk+1 = Fsk +¡vk (8)

where

F=

266664
1 0 Ts 0

0 1 0 Ts

0 0 1 0

0 0 0 1

377775 (9)

is the time invariant system matrix, Ts denotes the PRP,

¡ =

266664
T2s =2 0

0 T2s =2

Ts 0

0 Ts

377775 (10)

denotes the noise gain matrix, and

vk = [vx,vy]
T (11)

is the additive process noise vector. In this paper, vx and

vy are assumed independently and identically distributed

(IID) zero-mean white Gaussian noise with variance ¾2v ;

as a result, we have ¡vk »N (0,Q), where

Q= ¾2v¡¡
T = ¾2v

26664
T4s =4 0 T3s =2 0

0 T4s =4 0 T3s =2

T3s =2 0 T2s 0

0 T3s =2 0 T2s

37775
(12)

refers to the process noise (target maneuver), which

under this model is singular.

Let the multistatic radar system be comprised of a

single transmitter and N distributed receivers, all prop-

erly synchronized. Each receiver analyzes its individu-

ally collected echoes of a certain PRP to estimate the

corresponding bistatic range. The range extracted by a

matched filter is biased by the bistatic range-rate, and it

is written as
zik = hi(sk) +wi (13)

for the ith receiver at the kth pulse, where

hi(sk) = d
i
r(xk,yk) + dt(xk,yk) +¸c

i
x(xk,yk) _xk

+¸ciy(xk,yk) _yk (14)

integrates the range-Doppler coupled bistatic geometry,

and wis stand for the additive IID white Gaussian noise

with zero-mean and variance ¾2r . Defining

zk = [z
1
k ,z

2
k , : : : ,z

N
k ]
T

hk(sk) = [h1(sk),h2(sk), : : : ,hN(sk)]
T

wk = [w1,w2, : : : ,wN]
T

(15)

the measurement equation is compactly expressed as

zk = hk(sk)+wk (16)

where wk »N (0,¾2r IN), and IN indicates the identity

matrix with size N £N.
Compared with an unbiased measurement equation

as in [1], (16) contains two Doppler (range-rate) depen-

dent items, ¸cix(xk,yk) _xks and ¸c
i
y(xk,yk) _yks, to compen-

sate the range bias. This slight modeling modification

may significantly improve tracking performance with

Doppler biased range measurements [2]. In addition, the

measurement model (16) includes the unbiased situation

as a special case when ¸= 0.

4. POSTERIOR CRAMÉR-RAO BOUNDS

A. Background

Let μ̂ be the estimate of a random vector μ based on
observation ¯. Then the posterior (Bayesian) Cramér-
Rao bound (PCRB) for the error covariance matrix

satisfies [13]

C
¢
=Eμ,¯f(μ̂¡μ)(μ̂¡μ)Tg º J¡1 (17)

where J denotes the Bayesian information matrix (BIM),
which is assumed to exist and be invertible, while the

matrix inequality indicates that (C¡ J¡1) is positive
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semidefinite. Let

ra =
·
@

@a1
,
@

@a2
, : : : ,

@

@an

¸T
and ¢ab =rbrTa

(18)

be operators of the first and second-order partial deriva-

tives; hence, J is written as [13]

J= Eμ,¯f¡¢μ
μ lnp(μ,¯)g (19)

where p(μ,¯) denotes the joint probability density func-
tion (pdf) of μ and ¯.
For a tracking problem, the parameter vector and

observation vector are respectively the collection of

states and measurements

μk = [s
T
1 ,s

T
2 , : : : ,s

T
k ]
T and ¯k = [z

T
1 ,z

T
2 , : : : ,z

T
k ]
T

(20)

of which the vector sizes depend on the number of

pulses. Based on (17), the estimation covariance for sk
is bounded by the right-lower block of J¡1

Eμ,¯f(ŝk ¡ sk)(ŝk ¡ sk)Tg º [J¡1](4k¡3):4k,(4k¡3):4k
(21)

where [J¡1](4k¡3):4k,(4k¡3):4k denotes a submatrix of J
¡1

spanned with proper elements. Partition J into blocks

J=

·
[J]1:4k¡1,1:4k¡4 [J]1:4k¡4,(4k¡3):4k
[J](4k¡3):4k,1:4k¡4 [J](4k¡3):4k,(4k¡3):4k

¸
(22)

and then we obtain

[J¡1](4k¡3):4k,(4k¡3):4k = J
¡1
k (¸) (23)

where

Jk(¸) = [J](4k¡3):4k,(4k¡3):4k ¡ [J](4k¡3):4k,1:4k¡4
¢ [J]¡11:4k¡1,1:4k¡4[J]1:4k¡4,(4k¡3):4k (24)

is termed as the Bayesian information submatrix (BISM)

for the state vector sk [12], and ¸ emphasizes its wave-
form dependence. With the Markovian assumption

p(μk,¯k) = p(μk¡1,¯k¡1)p(sk j sk¡1)p(zk j sk) (25)

Jk(¸) can be recursively calculated via the following
lemma.

LEMMA 1 The sequence Jks of BISMs for the estimate
of state vectors sks satisfy the recursion

Jk+1(¸) =D
22
k ¡D21k (Jk(¸) +D11k )¡1D12k (26)

where

D11k =Ef¡¢sksk lnp(sk+1 j sk)g
D12k =Ef¡¢sk+1sk

lnp(sk+1 j sk)g= (D21k )T

D22k =Ef¡¢sk+1sk+1
lnp(sk+1 j sk)g

+Ef¡¢sk+1sk+1
lnp(zk+1 j sk+1)g:

(27)

PROOF Proof can be found in [12].

B. PCRB Specification

Based on (8) and (16), p(sk+1 j sk) and p(zk j sk) are
both Gaussian and respectively with conditional pdfs

p(sk+1 j sk) =
1

(2¼)2jQj1=2

¢ exp
£
¡(1=2)(sk+1¡Fsk)TQ¡1(sk+1¡Fsk)

¤
(28)

p(zk j sk) =
1¡p
2¼¾r

¢N exp£¡(1=2¾2r )kzk ¡hk(sk)k2¤
where jQj denotes the determinant of Q and k ¢ k denotes
the l2 norm. It is easy to verify that

D11k = F
TQ¡1F

D12k =¡FTQ¡1

Ef¡¢sk+1sk+1
lnp(sk+1 j sk)g=Q¡1:

(29)

Due to the nonlinearity of hk(sk), the second term of

D22k is not straightforward. Fortunately, with the fact that

p(sk,zk) = p(sk)p(zk j sk), we have

Ef¡¢sksk lnp(zk j sk)g= EskfPk(¸)g (30)

where

Pk(¸)
¢
=Ezk jskf¡¢sksk lnp(zk j sk)g (31)

is a standard Fisher information matrix (FIM) for zk [1],

[13]. Substituting p(zk j sk) into (31), we have

Pk(¸) =
1

2¾2r

NX
i=1

Ezk jskf¢sksk (zik ¡ hi(sk))2g

=
1

¾2r

NX
i=1

Ezk jskfrsk [(hi(sk)¡ zik)rTsk hi(sk)]g

=
1

¾2r

NX
i=1

Ezk jskfrsk hi(sk)rTsk hi(sk)g

+
1

¾2r

NX
i=1

¢sksk hi(sk)Ezk jskfhi(sk)¡ zikg: (32)

Since Ezk jskfhi(sk)¡ zikg= 0, Pk(¸) can be simplified as

Pk(¸) =
1

¾2r

NX
i=1

rsk hi(sk)rTsk hi(sk) (33)

where rsk hi(sk) is written as

rsk hi(sk) =
·
@hi(sk)

@xk
,
@hi(sk)

@yk
,
@hi(sk)

@ _xk
,
@hi(sk)

@ _yk

¸T
:

(34)
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In the following, the elements of rsk hi(sk) will be
specified based on (14). Since

@

@xk
fdir(xk,yk) +dt(xk,yk)g= cix(xk,yk)

@

@yk
fdir(xk,yk) +dt(xk,yk)g= ciy(xk,yk)

(35)

we have

@hi(sk)

@ _xk
= ¸cix(xk,yk)

@hi(sk)

@ _yk
= ¸ciy(xk,yk)

@hi(sk)

@xk
= cix(xk,yk) +¸ _xk

@cix(xk,yk)

@xk
+¸ _yk

@ciy(xk,yk)

@xk

@hi(sk)

@yk
= ciy(xk,yk)+¸ _xk

@cix(xk,yk)

@yk
+¸ _yk

@ciy(xk,yk)

@yk

(36)

where

@cix(xk,yk)

@xk
=

(yk ¡ yir)2
(dir(xk,yk))

3
+
(yk ¡ yt)2
d3t (xk,yk)

(37)

@ciy(xk,yk)

@yk
=

(xk ¡ xir)2
(dir(xk,yk))

3
+
(xk ¡ xt)2
d3t (xk,yk)

(38)

@cix(xk,yk)

@yk
=
@ciy(xk,yk)

@xk

=¡ (xk ¡ x
i
r)(yk ¡ yir)

(dir(xk,yk))
3

¡ (xk ¡ xt)(yk ¡ yt)
d3t (xk,yk)

:

(39)

Substituting (36) into (33), Pk(¸) can be obtained. Fi-

nally, substituting (36) and (29) into (26), the recursion

in Lemma 1 is rewritten as

Jk+1(¸) = [Q+FJ
¡1
k (¸)F

T]¡1 +Esk+1fPk+1(¸)g:
(40)

The expectation towards Pk+1(¸) involves a complicated

4-fold integration. A closed form expression is elusive,

hence Monte Carlo methods [3] are usually used.

When ¸= 0, (40) degenerates to the case without

range-Doppler coupling. Another special case is the

noiseless kinematic model [1], where the state covari-

ance is assumed to be zero, say Q= 0. Hence, the ex-

pectation in (40) disappears, and the recursion is sim-

plified to

Jk+1(¸) = [FJ
¡1
k (¸)F

T]¡1 +Pk+1(¸): (41)

An implicit assumption behind (40) is that the radar

system has perfect detection: the probability of detec-

tion is one, while that of false alarm is zero. Such an as-

sumption obviously simplifies PCRB analysis; however,

it may not hold true in some practical applications, par-

ticularly for those with low signal-to-noise ratio (SNR).

An interesting discussion on PCRB with nonideal de-

tection can be found in [8] and [16]; this paper contains

no treatment of measurement origin uncertainty.

5. PCRB WITH CONSTANT ACCELERATION

Suppose that the target undergoes a constant acceler-

ation. If its velocity significantly changes within a pulse

duration ¿ , the linear bias model (1) would no longer

hold true as the AF will be distorted [5]. In the fol-

lowing, ẍ¿ and ÿ¿ are assumed to be very small (ac-

tually, negligible), where ẍ and ÿ respectively denote

the acceleration components along x and y axes. This

is a fair assumption: for a practical radar pulse dura-

tion ¿ = 30 ¹s, the velocity change is only 3£10¡3 m/s
even though the acceleration is as high as 100 m/s2. The

time-varying bistatic range for receiver i at the kth pulse

is written as

r̄ik(t) =
p
(xk + _xt+0:5ẍt

2¡ xir)2 + (yk + _yt+0:5ÿt2¡ yir)2

+
p
(xk + _xt+0:5ẍt

2¡ xt)2 + (yk + _yt+0:5ÿt2¡ yt)2

(42)

where 0· t· ¿ . Since ẍt2¿ _xt and ÿt2¿ _yt, we have

r̄ik(t)'
q
(xk + _xt¡ xir)2 + (yk + _yt¡ yir)2

+

q
(xk + _xt¡ xt)2 + (yk + _yt¡ yt)2 = rik(t):

(43)

Therefore, the geometry results in Section 2 are still

applicable for PCRB with a low acceleration.

The PRP is much larger than pulse width. The

acceleration effect between pulses cannot be ignored in

target tracking. Mathematically, the state vector should

be modified as

s̄k = [xk,yk, _xk, _yk, ẍk, ÿk]
T: (44)

The dynamic equation falls into the discrete Wiener

process acceleration model [1]

s̄k+1 = F̄s̄k + ¡̄vk (45)

where

F̄=

26666666664

1 0 Ts 0 T2s =2 0

0 1 0 Ts 0 T2s =2

0 0 1 0 Ts 0

0 0 0 1 0 Ts

0 0 0 0 1 0

0 0 0 0 0 1

37777777775
(46)

and

¡̄ =

·
T2s =2 0 Ts 0 1 0

0 T2s =2 0 Ts 0 1

¸T
: (47)

Based on (43), the contribution of ẍ and ÿ to range

is negligible; the measurement equation (14) remains

unchanged. Using F̄, Ḡ, and Q̄= ¾2v ¡̄ ¡̄
T to properly
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modify the corresponding parts in Section 4, the PCRB

for constant acceleration will be obtained

J̄k+1(¸) = [Q̄+ F̄J̄
¡1
k (¸)F̄

T]¡1 +Es̄k+1fP̄k+1(¸)g
(48)

where

P̄k(¸) =
1

¾2r

NX
i=1

rs̄k hi(s̄k)rTs̄k hi(s̄k)

=
1

¾2r

NX
i=1

rs̄k hi(sk)rTs̄k hi(sk) (49)

and rs̄k hi(sk) is specified as

rs̄k hi(sk) =
·
@hi(sk)

@xk
,
@hi(sk)

@yk
,
@hi(sk)

@ _xk
,
@hi(sk)

@ _yk
,0,0

¸T
= [(rsk hi(sk))T,0,0]T: (50)

6. ¸: POSITIVE, NEGATIVE OR ZERO?

Were this treated in one dimension (range) the op-

timal tracker would be Kalman, and the stationary es-

timation covariance (from the Riccati equation) could

reflect the performance of different waveforms. Here,

however–in a distributed configuration and working

in two Cartesian dimensions–the measurement equa-

tions are geometry dependent; no stationary solution

exists, hence the performances for different ¸s are com-

pared with the help of their PCRBs. Let the multi-

static radar system be composed by one transmitter and

four receivers, of which the coordinates are shown in

Fig. 3. The PRP, receiver noise, and maneuvering in-

dex [1] are all fixed with values Ts = 2 s, ¾r = 5 m/s

and ·= ¾vT
2
s =¾r = 1. The PCRBs of position tracking

errors q
[J¡1k (¸)]1,1 + [J

¡1
k (¸)]2,2 (51)

for different ¸s. Firstly, we compare their tracking per-

formance for a constant velocity target, of which the

speed is 400 m/s. The target has four trajectories as

shown in Fig. 3, and the calculated results for them are

shown in Fig. 4. From those figures, we see that:

² The PCRBs are geometry dependent. The curves with
different trajectories have quite dissimilar shapes. In

addition, the curves with different ¸s but the same

trajectory have similar shapes, but (slightly) different

values.

² The bounds for positive ¸ are lower than those for a
zero ¸, while a negative ¸ introduces a higher bound.

However, those of j¸j and ¡j¸j are not necessarily
symmetric with respect to that of ¸= 0.

² With the increase of ¸, the bound becomes lower for a
given trajectory. Note that ¸ is waveform dependent,

and j¸j cannot be arbitrarily large.
Secondly, the constant acceleration is considered. The

target starts from stationary with an acceleration rate

Fig. 3. An illustration of a multistatic constellation with a single

transmitter and 4 receivers. Four typical target trajectories are used

in the simulation: T-1 stands for a trajectory outside of the

constellation, T-2 is the situation crossing the transmitter, T-3 stands

for the case crossing the boundary receivers, while T-4 is a general

one within the constellation.

15 m/s2. Its four trajectories share the same initial points

and directions as those in the previous example. Their

PCRBs are illustrated in Fig. 5. Obviously, similar ob-

servations can be found as constant velocity case. Due to

their similarity, we will not investigate the acceleration

model in the MIMO tracking.

To reemphasize that a positive ¸ leads to better track-

ing performance than a negative one is consistent with

the theoretical analysis for the monostatic tracking [14].

An intuitive explanation is in Fig. 6. Since the range and

range-rate are positively correlated in the state equation,

their prior uncertainty can be considered as an ellipse

centered at the range and range-rate of truth (the black

dot), where the major axis of the ellipse has a posi-

tive slope. In the absence of noise, the two measure-

ment extraction lines for waveforms, respectively with

slope §¸, traverse the black dot; however, the contam-
ination could slightly shifts them away from the noise-

less situations in either direction (dashed lines). The

possible shifts engender two measurement uncertainty

bands (area between the two parallel dashed lines) as

shown in Fig. 6. The uncertainty band for the positive ¸

and prior uncertainty ellipse share less overlap than that

of the negative one. Consequently, a positive ¸ induces

greater error cancelation in updating maintenance and

result in better tracking performance.

Interestingly, waveforms with §¸ share the same
measurement mean square errors, but with different

PCRBs for a distributed configuration. This again veri-

fies that observations with the same measurement quality

do not necessarily result in the same tracking performance

[9]. Moreover, a waveform with positive ¸ induces a

lower bound than that with a zero ¸, so the biased mea-

surements are not always bad from the tracking view-

point if the bias can be properly modeled.
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Fig. 4. PCRBs of a multistatic radar with different waveform parameters ¸s and target trajectories for constant velocity. The multistatic

constellation and target trajectories are shown in Fig. 3. The prior distribution is P0 = diag([20,20,5,5]).

7. MIMO RADAR WAVEFORM COOPERATION

MIMO radar is an emerging concept employing

waveform and spatial diversities to improve system per-

formance [4], [7], [11]. Roughly, it can be divided into

two categories based on the transmitter configuration:

co-located [7] and widely-separated [4]. The multiple

transmission trait requires the waveforms to be (nearly)

orthogonal. Apparently the up- and down-sweep LFMs

have very low cross-correlation even with moderate

Doppler shift; therefore, they can be used in a two-

transmitter MIMO system [17].

A. Power Unlimited System

Full power transmission is assumed to be performed

at each antenna for this scenario. If the transmitters

are homogeneous, the total radiated energy doubles

as the number of transmitters Nt increases from one

to two. Let the waveform energy keep constant; the

range variance ¾2r remains the same for both mul-

tistatic and MIMO radar systems. Suppose the mul-

tistatic radar is the special case of the MIMO one

via shutting down one transmitter–that is single-input

multiple-output (SIMO)–and then we have the follow-

ing results.

LEMMA 2 Let JMUk (¸,¾2r ) denote the BISM of a power

unlimited MIMO radar with two waveforms parameter-

ized with §¸ and noise variance ¾2r , and let JSUk (¸,¾2r )
denote that of a multistatic one with proper parame-

ters. Suppose JMUk (¸,¾2r ) = J
SU
k (¸,¾

2
r ), and then we have

JMUk+1(¸,¾
2
r )º JSUk+1(¸,¾2r ).

PROOF Proof is straightforward.

In the power unlimited scenario, the MIMO radar

is essentially composed of two multistatic ones. Ap-

parently, it can obtain more information about the tar-

get, no matter whether the transmitters are co-located or

widely-separated.

B. Power Limited System

The total energy is fixed for a power limited system;

for simplicity, it is shared uniformly among transmitters.

Based on (4) of [14], the measurement variance ¾2r
is inversely proportional to the waveform power. So

it is reasonable to assume that the range variance of

the multistatic radar is half of that of a two-transmitter

MIMO radar.

1) Transmitter Co-located Case: The co-located

transmitter configuration does not enhance the spatial

diversity. Based on the analysis in the previous section,
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Fig. 5. PCRBs of a multistatic radar with different waveform parameters ¸s and target trajectories for constant acceleration. The prior

distribution is P0 = diag([20,20,5,5,1,1]).

MIMO is better than the multistatic case with a negative

¸, but worse than that with a positive ¸. Now, we are

still interested in another problem: whether a MIMO

radar is better than a multistatic radar with a zero ¸. A

thorough analysis would be complex; to simplify it, we

adopt an assumption that the target is in the far-field of

the receivers and transmitters; mathematically, dir(xk,yk)

and dit(xk,yk) are both very large. Since the denomina-

tors of each item of @cix=@xk, @c
i
y=@xy, and @c

i
x=@xy have

higher orders than the numerators, we have

@cix
@xk

¼ @c
i
y

@yk
¼ @cix
@yk

¼ @c
i
y

@xk
¼ 0: (52)

Moreover, the target speed is assumed low, and j¸j is
in general small; as a consequence, rsk hi(k) can be
approximated as

gi(¸)
¢
=rsk hi(k)¼ [cix,ciy,¸cix,¸ciy]T: (53)

Substitute (53) into (33), the FIM is rewritten as

P̄k(¸) =
1

¾2r

NX
i=1

gi(¸)g
T
i (¸) =

1

¾2r

·
1 ¸

¸ ¸2

¸
−G

(54)

Fig. 6. An intuitive explanation of why a DTW with a positive

coupling parameter outperforms that with a negative one in target

tracking, where ¸ > 0 in this figure. Since the range r and range-rate
_r are positively correlated in the state equation, the prior uncertainty

could be considered as an ellipse with positive major axis. If the

coupling parameter is positive, the measurement and prior

uncertainties will have less overlapping area. Therefore, it has better

error cancelation capacity.

where

G=

266664
NX
i=1

(cix)
2

NX
i=1

cixc
i
y

NX
i=1

cixc
i
y

NX
i=1

(ciy)
2

377775 (55)

is a positive semidefinite matrix.
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Fig. 7. PCRBs of a transmitter co-located MIMO radar with different waveform parameters ¸s and target trajectories. The prior distribution

is P0 = diag([20,20,5,5]).

LEMMA 3 Let JMLk (¸,2¾2r ) and J
SU
k (¸,¾

2
r ) respectively

denote the BISMs of a power limited co-located MIMO

and multistatic radars with proper parameters. Suppose

JMLk (¸,2¾2r ) = J
SL
k (0,¾

2
r ) and (52) holds true, and then we

have JMLk+1(¸,2¾
2
r )º JSLk+1(0,¾2r ).

PROOF If (52) holds true, we have

P̄MLk+1(¸)¡ P̄SLk+1(0) =
2

¾2r
Diag([0,¸2])−G (56)

based on (54). Since Diag([0,¸2])º 0 and Gº 0, we
have EfP̄MLk+1(¸)g º EfP̄SLk+1(0)g. Due to the fact that

JMLk (¸,2¾2r ) = J
SL
k (0,¾

2
r ), Lemma 3 can be proven.

To sum up, a co-located MIMO configuration with

waveform parameters §¸ can be better than a zero ¸
multistatic radar, but worse than the multistatic radar

with waveform parameter j¸j in a power limited sce-
nario. Numerical simulations follow to demonstrate

these conclusions. The MIMO radar configuration is

the same as the multistatic one in Section 6. The range

variance is 2¾2r for the former but ¾
2
r for the latter; the

other parameters of MIMO radar keep the same as the

multistatic ones. The MIMO PCRBs are in Fig. 7 for

different ¸s and target trajectories. Combining Figs. 4

and 7, it is obvious that the MIMO PCRBs are below

that for the multistatic one with ¸= 0, but above those

corresponding with parameters j¸j.
Note that the proof of Lemma 3 assumes that the

trajectory is far away from the antennas; however, the

simulation, for example Fig. 7, shows that the conclu-

sion still holds even without the assumption.

2) Transmitter Widely-separated Case: If the two

transmitters are widely-separated, geometric diversity is

improved. The main concern here is whether a MIMO

configuration is always better than a multistatic one

under a constraint on energy. Based on Section 6, a

multistatic radar with positive ¸ is better than that with

negative or zero ones, so the multistatic case with ¸· 0
is not considered in comparison.

We inherit the multistatic constellation and trajecto-

ries in Fig. 3, and add another transmitter, say T-2, at

(20 km,20 km). The two transmitters evenly share the

total energy. Based the previous section, a multistatic

radar with a positive ¸ seems to be best, so we only

consider a multistatic radar with a positive ¸ in this part.

The results are in Fig. 8, where ‘SIMO-1’ and ‘SIMO-2’

denote the PCRBs for the multistatic radars respectively

with T-1 and T-2 as transmitter. ‘MIMO-1’ represents

the scenario with transmitting strategies fT-1,j¸jg and
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Fig. 8. PCRBs of a transmitter widely-separated MIMO radar with different waveform parameters ¸s and target trajectories. The prior

distribution is P0 = diag([20,20,5,5]).

fT-2,¡j¸jg, and ‘MIMO-2’ is for strategies fT-1,-j¸jg
and fT-2,j¸jg. Finally, ‘MIMO-3’ stands for the case
where both transmitters employ up-sweep LFM; such

a system is only possible if the two carrier frequencies

are sufficiently separated so as to avoid spectrum inter-

ference. From those figures, we observe:

² The PCRBs of ‘MIMO-3’ are uniformly better than
those of ‘MIMO-1’ and ‘MIMO-2’ for different tra-

jectories. From a perspective of tracking accuracy,

‘MIMO-3’ is the best among these three scenarios,

even though it has a low spectrum efficiency.

² The PCRBs are highly geometry dependent. As for
‘MIMO-3,’ ‘SIMO-1,’ and ‘SIMO-2,’ no strategy is

uniformly better than others.

In short, no uniformly best strategy exists. A clever

MIMO radar could adjust transmission scenarios, in-

cluding waveform assignments and transmitter on-off

controlling, to improve its performance.

8. CONCLUSIONS

Range-Doppler coupling is an important character-

istic for a Doppler tolerant waveform, where the ex-

tracted range is biased by the unknown Doppler shift.

The tracking performance of distributed radar systems

with range measurements was investigated with the help

of the PCRB, and the PCRBs for various parameters and

antenna configurations were compared under different

energy constraints. The detection processes are assumed

ideal, no missed detections nor false alarms. In brief, a

waveform with positive range-Doppler coupling (that is,

a negative range/range-rate coupling) is a good choice

for a multistatic radar or an energy constrained co-

located MIMO radar. However, for a transmitter widely-

separated configuration, the PCRB is extremely geom-

etry dependent; no uniformly best scenario exists under

a power constraint.
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POSTERIOR CRAMÉR-RAO BOUNDS FOR DOPPLER BIASED DISTRIBUTED TRACKING 27


